PRMIT

UNIVERSITY

A3.4 Factorisation: Quadratics

The general form of a quadratic expression is: ax? + bx + ¢, a # 0,
where 4, b and ¢ are real constants and x is the variable.

We will initially work with expressions that have a = 1 so the

expression becomes x? + bx + c. Image from Pixabay

Expansion

To expand an expression of the form (a + b)(c + d), multiply each
term in the first bracket by each term in the second bracket.

(x+2)(x+3) =x(x+3) +2(x+3)
=x24+3x+2x+6
=x2+5x+6.

Factorisation

Factorisation is the reverse of expansion:
x? + 5x + 6 is expressed as the product of two factors, (x +2) and
(x+3). That is

X2 45x+6=(x+2)(x+3).
Note that:

* Multiplying the first term in each bracket gives the term x? in the
expression as above.

* Multiplying the last term in each bracket gives the constant term,
+6 in the expression.

e The coefficient of the x term is the sum of the last term in each
bracket (+2 + 3 = +5).

Watch a short video on factorising quadratics


https://emedia.rmit.edu.au/learninglab/sites/default/files/videos/Factorisation-Quadratics.m4v

Download transcription of video on Factorising quadratics

The basic rule is:
To factorise x% + bx + ¢, find two numbers m and 1 such that

X2+ bx+c=(x+m)(x+n)

wherem xn=cand m+n =>0.

Note that order of the factors does not matter. That is

X +bx+c=(x+m)(x+n)
=(x+n)(x+m).

Example 1

Factorise x2 4+ 9x + 14.
Solution:
We want to write

X2+ 9x+14 = (x +m) (x +n)
where according to the rule above,

mxn =14 and

m+n=09.
The factors of 14 are
1.m= 2.m= -1 3m=2 4. m= -2
n=14 n=-14 n=7 n=-7.

Of these, only the factors in 3 satisfy the requirement that m +n = 9.
So

P H9x+14=(x+2)(x+7).

Example 2

Factorise y* — 7y + 12.
Solution:
We want to write

y2—7x+12: (y+m)(y+n)
where according to the rule above,

mxn =12 and

m4+n=—7.


https://emedia.rmit.edu.au/learninglab/sites/default/files/transcripts/algebra_factorisationquadratics.rtf

The factors of 12 are

1lm=3 22m=-3 3m=2 4m=-2 5.m=12 6.m=—12

n==4%4 n=—4 n==~6 n=-—6 n=1 n=-—1.

Of these, only the factors in 2 satisfy the requirement that m + n =
—7.50

Y —7x+12=(y—3)(y—4).

Example 3

Factorise p?> — 5p — 14.
Solution:
We want to write

p*—5p—14=(p+m)(p+n)
where according to the rule above,

mxn =14 and

m-+n= —b.
The factors of —14 are
1.m=1 2.m= -1 3.m=-2 4.m=2
n=-14 n=14 n=>17 n=-7.

Of these, only the factors in 4 satisfy the requirement that m +n =
-5. 50

p2—5x—14:(p+2)(p—7).

Example 4

Factorise a2 + 6a — 7.
Solution:
We want to write

a*+6a—7=(at+m)(atn)
where according to the rule above,

mxn=—7and

m-+n==6.

The factors of —7 are



Of these, only the factors in 2 satisfy the requirement that m +n =
6. So

> +6a—7=(@a—1)(a+7).

Example 5 (No Real Factors)

Factorise a2 + 3a + 6.
Solution:
We want to write

a*+3a+6=(at+m)(atn)
where according to the rule above,

m X n =6 and

m+n=3.
The factors of 6 are
1.m=1 2.m= -1 3.m=-2 4. m =
n==~6 n=-—6 n=-3 n=23.

None of these factors satisfy the requirement that m +n = 3. So it
is not possible to factorise the expression

a? +3a+6.

In this case we say there are no real factors. It is important to under-
stand when this occurs and is discussed in a later section.

Factorisation when a # 1.
In this section we deal with factorisation of expressions of the form
2
ax~+bx +c

where a # 1.

Expressions of the type ax? + bx + ¢ can be factorised using a
technique similar to that used for expressions of the type x> + bx + c.

In this case the coefficient of x, in at least one bracket, will not
equal 1.

Consider the following product.

* Geometrically this means that the
graph of y = a2 + 3a + 6 does not touch
or intersect the 2 — axis. There are
complex factors but these are not dealt
with in this module.



(3x +2)(2x 4+ 1) = (3x)(2x) + (3x)(1) + (2)(2x) + (2)(1)
= 6x% +3x +4x+2
= 6x% 4+ 7x + 2.

Note that

* multiplying the first term in each bracket gives the x> term. In this
case 6x2.

¢ multiplying the last term in each bracket gives the constant term,
in this case 2.

¢ the coefficient of the x—term is the sum of the x terms in the ex-
pansion. In this case 3x + 4x = 7x.
We can use these ideas to factorise expressions like ax? + bx + c.

Example 6

Factorise 2x? + 7x + 6.

Solution:

The only factors of the coefficient of the x> term are 2 and 1. So we
are looking for a factorisation like

2x% +7x+6 = (2x +m) (x +n)
= 2x% + 2nx + mx + nm

=2x> + (2n+m) x + nm

where mn = 6 and 2n + m = 7. We have the following possibilities:* 2 Note that negative factors like m =
—6,n=—-landm=—-1,n=—6
1. m=3, n=2 don’t need to be considered as they

don’t satisfy condition 2n +m = 7.

3. m=6 n=1

Of these possibilities, the only one that satisfies 2n + m = 7 is number
1. Thatism =2 and n = 2, so

2% +7x+6 = (2x +3) (x +2).

Example 7

Factorise 2x% — 10x + 12.
Solution:
At first this looks like a case where a = 2 but a factor of 2 can be

taken out to get: 3 3 You should always check if there is a
number that divides into all terms of
the quadratic.



2x2—10x+12:2(x2—5x+6)

Now we can use the methods in Examples 1 — 4 above to get

232 —10x+12 =2 (x + m) (x + n)

where mn = 6 and m +n = —5. This impliesm = —2andn = —3
and so:

2x2—10x+12=2(x2—5x+6)
=2(x—2)(x—=3).

Example 8

Factorise 6x2 + 13x — 8.

Solution:

In this case there are no numbers that divide into each term as we
had in Example 7 above. The coefficient of the x? term is 6 which has
factors

6=6x1
=2x3.
So we are looking for a factorisation such as:
6x> +13x — 8 = (6x 4+ m) (x +n)
= 6x% 4 6xn + mx — 8
=6x>+ (6n+m)x —8 (8.1)
or

6x% +13x — 8 = (3x +m) (2x +n)
= 6x% 4 3xn +2mx — 8
=6x% + (Bn+2m)x —8 (8.2)

In both cases, mn = —8. So we have the possibilities

-8 n=1
8 n=-1
4 n= -2
—4 n=2.

I 3§ 8 8

For eqn (8.1) we know that 61 + m = 13. This is not satisfied by
any of the m and n values above.

For eqn (8.2) we know that 3n + 2m = 13. This is satisfied by
m =8 and n = —1 and so

6x* +13x —8 = (3x +8) (2x — 1).



Example 9

Factorise 4x% + 4x + 1

Solution:

In this case there are no numbers that divide into each term as we
had in Example 7 above. The coefficient of the x? term is 4 which has
factors

4=4x1
=2x2.

So we are looking for a factorisation such as:

4x* +4x+1= (4x+m) (x +n)
= 4x% 4 dxn + mx + mn
=4x> + (dn+m)x+1 (9.1)

or

4x? +4x+1= (2x+m) (2x +n)
= 4x% 4 2xn + 2mx + mn
=4x® + (2n+2m)x +1 (9.2)

where mn = 1. That means

m=1 n =1 (9.3)

m=—1 n=-—1.

Suppose eqn (9.1) is correct then (4n +m) = 4. But this is not pos-
sible with the choices for m and n in (9.3) and (9.4). Hence the fac-
torisation must be as in eqn (9.2) with 2n + 2m = 4. The latter is
achieved with (9.3) and so

4 f4x4+1=(2x+1)(2x+1).

The approach given in examples 6-9 is okay provided there are not
too many factors for a4 and c. If the number of factors is excessive, we
can employ other methods.

When Can you Get Real Linear Factors for a Quadratic?

In Example 5 above we found that we could not get real linear factors
for

a2—|—3a+6.

This raises the question of when real solutions to general quadrat-
ics may be found. The most general quadratic has the form 4 +Note that the graph of

y=ax®+bx+c

is a parabola.



ax® 4+ bx +c.

To determine if there are real linear factors, we introduce the dis-
criminant.

The Discriminant
The discriminant denoted A, for the general quadratic
ax? + bx +c
is
A = b* — dac.
If

0 there is one repeated linear factor
A = { > 0 there are two distinct linear factors

< 0 there are no real linear factors.

The discriminant tells us how many real roots there are to the equa-
tion >

ax®> 4+ bx+c=0.

Example 10

Factorise (if possible) x? + 6x + 12
Solution:
In this case: a =1, b = 46, ¢ = +12 therefore

A= (bz - 4ac)
=36 —4(1)(12)
=36 —48
=12
< 0.

The discriminant is negative therefore x2 + 6x + 12 has no real factors.

Exercise 1

Factorise the following expressions (if possible):

a)x2+10x +21  b)z2+11z+18  ¢) x>+ 5x— 14
dm?—m—-72 e x’+6x+9 fa®—15a+44
g x?—2x—-24 h)y>?—10y+16 i) z>+4z—60
pni+6n—16  k)a?+5a+10  1)s*+2s—48

m)y?+7y+19  n)x2+16x+39 o) x? —14x+45

5 Geometrically, the discriminant tells us
how many times the graph of

y=ax’+bx+c

intersects the x—axis. If A = 0, the
graph just touches the x—axis at one
point. If A > 0, the graph intersects
the x—axis at two points. If A < 0, the
graph does not intersect the x—axis.



Answers

Note that order of factors does not matter.
a) (x+7)(x+3) b) (z+9) (z+2) c) (x+7)(x—2)
d) (m—9) (m+8) e) (x+3)(x+3) f) (a—11) (a —4)
9 (x—6)(x+4) h(y-2)(y—8) i) (z—6)(z+10)
) (n—2)(n+38) k) no real factors 1) (s +8) (s — 6)
m) no real factors  n) (x+13) (x + 3) 0) (x—9) (x—5).

Exercise 2

Factorise the following if possible.
a)5x2 +13x+6 Db)2x24+x—-15 )3m*—m—2
d)3y> —10y+8 e 22> +1la+12  f)6x> —11x+5

Answers

Note that order of factors does not matter.
a) (5x+3) (x+2) b) (2x —5) (x 4+ 3) c) (Bm+2)(m—1)
d) By—4)(y—2) e) (2a+3) (a+4) f) (bx —5) (x—1).
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